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Abstract

In this paper, a comprehensive assessment of design parameters for various beam theories subjected to a moving mass is

investigated under different boundary conditions. The design parameters are adopted as the maximum dynamic deflection

and bending moment of the beam. To this end, discrete equations of motion for classical Euler–Bernoulli, Timoshenko and

higher-order beams under a moving mass are derived based on Hamilton’s principle. The reproducing kernel particle

method (RKPM) and extended Newmark-b method are utilized for spatial and time discretization of the problem,

correspondingly. The design parameter spectra in terms of the beam slenderness, mass weight and velocity of the moving

mass are introduced for the mentioned beam theories as well as various boundary conditions. The results indicate the

existence of a critical beam slenderness mostly as a function of beam boundary condition, in which, for slenderness lower

than this so-called critical one, the application of Euler–Bernoulli or even Timoshenko beam theories would underestimate

the real dynamic response of the system. Moreover, there would be a roughly linear relation between the weight of the

moving mass and the design parameters for a certain value of the moving mass velocity in most cases of boundary

conditions.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Dynamics of beam structures subjected to moving loads has been investigated for over a century. The
importance of such a problem arises in the structural design of bridges in which the nature of loading could
affect the design parameters substantially. On the other hand, the inertial effects of moving loads through the
dynamic behavior of beams cannot be disregarded as long as the mass weight of the moving load is relatively
large compared to the mass of the main structure, e.g. [1–6]. A comprehensive literature survey on the dynamic
behavior of solids under moving loads and moving masses has been provided by Frýba [7]. According to his
book, based on the complexities induced by consideration of moving mass inertia in problem formulation
and solution, in the majority of cases, the effect of mass inertia has been dropped in problem formulation.
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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Ting et al. [8] developed a general algorithm to examine the dynamic response of a finite elastic
Euler–Bernoulli beam (EB) supporting a moving mass. Their results (time history of midspan deflection) were
in good agreement with those of experiments for a uniform simply supported beam and different velocities of
the moving mass. Esmailzadeh and Ghorashi [9] scrutinized the vibration of an EB traversed by a uniform
partially distributed moving mass. They stated that the proposed approach could well be applied to the beams
with different boundary conditions. Moreover, the length of the distributed moving mass was reported as a
crucial parameter which affects the dynamic behavior of the beam remarkably. A comprehensive parametric
study on the effects of moving mass weight and velocity on the dynamic behavior of a simply supported EB
was done by Nikkhoo et al. [10], employing the eigenfunction expansion method. They introduced a concept
of critical velocity in terms of beam fundamental period and span as well as the moving mass weight in which
the effect of convective accelerations in moving mass formulation was no more negligible for masses moving
with velocities greater than this critical one. Lee [11] found that the interaction force between the mass and the
beam depends on both the velocity of the moving mass and the flexibility of the beam. He monitored the onset
of separation between the mass and EB by checking the contact force between the moving mass and the beam
during the excitation. This phenomenon was demonstrated to have unnegligible effects on the dynamic
response of the beam as the mass ratio of the moving mass increases, especially at a high velocity of moving
mass.

For the case of a moving mass along a Timoshenko beam (TB), Makertich [12] investigated the response of
a simply supported TB and compared the results with the response of an appropriate EB. His proposed
method is not easily pertinent to other boundary conditions. Lee [13] studied the dynamic response of a TB
acted upon by a moving mass using the Lagrangian approach and the assumed mode method. He verified the
results of the model with those of an equivalent moving load for mid-span deflection of a simply supported
beam for a few number of moving mass weights and velocities as well as different slenderness ratios of the base
beam. Yavari et al. [14] analyzed the dynamic response of TB under a moving mass based on the discrete
element technique. They studied the effects of beam slenderness and moving mass velocities for different
boundary conditions of the beam. Lou et al. [15] presented a finite element formulation of a TB subjected to a
moving mass. Their results were in good agreement with those obtained using the assumed mode method
employed by Lee [13].

According to the literature, analytical solutions for the problem of beams subjected to a moving mass are
possible only in relatively few special cases; therefore, employing effective numerical methods would be of
interest to overcome the limitations of analytical methods. To this end, the reproducing kernel particle method
(RKPM) is applied to different beam theories under moving mass excitation. For the first time, RKPM was
proposed by Liu et al. [16,17] for structural dynamic analysis. This new method was established to improve the
accuracy of the smooth particle hydrodynamics (SPH) method for finite domain problems. In this method, the
kernel function is modified by introducing a correction to meet the reproducing conditions. The resulting
modified kernel function exactly reproduces polynomials to a specified order and thereby satisfies the
completeness conditions [18]. Application of the RKPM to elastic and elastic–plastic one-dimensional (1D)
bar problems for both small and large deformations as well as two-dimensional (2D) ones shows remarkable
results compared to the results of the finite element method [17].

In this work, an evaluation of design parameters for various beam theories, subjected to a moving mass
under different boundary conditions, is scrutinized in some detail. In this regard, the maximum deflection
(serviceability criteria) and maximum bending moment (strength criteria) of the beam are considered as the
important design parameters. Furthermore, other design criteria, such as maximum slope at supports or
maximum shear force, could be taken into account. However, in this study the major focus is on the
determination of beams maximum deflection and bending moment. By employing Hamilton’s principle,
discrete equations of motion of EB, TB and higher-order beams (HOB) under a moving mass are derived.
RKPM is utilized for spatial discretization, and an extension of the well-known Newmark-b method is
employed for the proper time discretization of the problem. According to the best of the authors knowledge,
the effects of beam slenderness, mass weight and velocity of the moving mass on the design parameters have
not been addressed for the mentioned beam theories, under various boundary conditions. To this end,
nondimensional spectra are introduced dealing with the design parameters for different beam theories. These
spectra highlight the effects of beam slenderness through the design parameters for different beam theories and
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Fig. 1. Schematic single-span elastic beam under a moving mass.
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boundary conditions as well as the effects of mass weight and velocity of the moving mass. The results show
the existence of a critical slenderness mostly as a function of the beam boundary condition, in which for
slenderness lower than this so-called critical one, the application of Euler–Bernoulli or even Timoshenko beam
theories could not predict the real dynamic response of the system properly. Furthermore, except for a
cantilever beam, there exists a roughly linear relation between the weight of moving mass and design
parameters for a specific velocity of the moving mass.

2. Definition of the problem

Consider a finite beam traversed by a moving mass of mass M having a constant velocity of v along the
beam as shown in Fig. 1. The beam is axially fixed in one end and connected to the axial and rotary springs at
both ends with constants Kz and Ky, respectively. A coordinate system xyz is assumed to be fixed to the left-
hand end of the undeformed beam, with the x-axis parallel to the longitudinal axis of the beam and the z-axis
pointing vertically in the direction of the gravitational acceleration g. Let uxðx; z; tÞ and uzðx; z; tÞ denote the
longitudinal and transverse deformation components of the beam and �xx=sxx and gxz=sxz represent the
normal longitudinal and transverse shear strain/stress components, respectively. The following assumptions
are made in the mathematical modeling of the problem. First, the material of the beam is set to be undamped
linear isotropic homogeneous with an elastic modulus of E and a shear modulus of G. Second, the beam has a
constant cross section with a uniform mass distribution, i.e., the cross-section area, A, and the beam density, r,
are uniform along the beam. Third, the only applied load is due to moving of the mass on the beam, and both
the transverse and the rotary inertia of the beam are considered for dynamic analysis. Fourth, the moving
mass travels with a constant velocity in which to be in contact with the beam at all times. Fifth, let uz ¼ wðx; tÞ;
then the transverse acceleration of the mass on the deformed beam is

€wM ¼
q2w

qt2
þ 2v

q2w

qxqt
þ v2

q2w
qx2

� �
x¼xM

.

On the right-hand side of this equation, the first term represents the vertical acceleration component, the
second is the complementary acceleration and the last one stands for the centripetal acceleration [7].

3. Spatial discretization of the problem

The dynamic behavior of the beam is expressed by the Euler–Bernoulli beam theory (EBT), Timoshenko
beam theory (TBT) and higher-order beam theory (HOBT). For each theory, the discrete governing equations
are derived by applying Hamilton’s principle through the use of RKPM for spatial discretization.

3.1. EB formulation

For the transverse motion of the beam, the transverse displacement is considered to be uz ¼ wðx; tÞ. Based
on the EBT, the small rotation of the transverse plane of the beam (the plane which is perpendicular to the
x-axis) about the y-axis is equal to �qw=qx and the longitudinal displacement is given by ux ¼ �zqw=qx. The
small transverse deflection approximation reads �xx ¼ qux=qx ¼ �zq2w=qx2, and sxx ¼ E�xx is the only
nonzero strain and stress components. The total potential energy of the beam and springs system can be
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written as

p ¼ pk � ps þ pf , (1)

where pk is the kinematic energy, ps is the elastic strain energy and pf is the potential energy of the beam and
springs system subjected to the moving mass. These are defined as follows:

pk ¼
1

2

Z
O
r

qux

qt

� �2

þ
quz

qt

� �2
" #

dO ¼
1

2

Z L

0

r A
qw

qt

� �2

þ I
q2w

qxqt

� �2
" #

dx,

ps ¼
1

2

Z
O[Gb

sxx�xx dO ¼
1

2

Z L

0

EI
q2w
qx2

� �2

dxþ
1

2

Z
Gb

Kzw
2 þ Ky

qw

qx

� �2
" #

dG,

pf ¼

Z L

0

M g�
q2w

qt2
þ 2v

q2w
qxqt
þ v2

q2w

qx2

� �� �
wdðx� xM ÞHðL� xMÞdx, (2)

in which O is the beam domain, Gb is the beam boundary, d is the Dirac delta function and I is the second
moment inertia of the beam. The theoretical values of the spring constants for various boundary conditions
have been presented in Table 1. In Eq. (2), HðxÞ is the unit step function defined as

HðxÞ ¼

0; xo0;
1
2
; x ¼ 0;

1; x40:

8><
>: (3)

The only unknown parameter of the EB problem, wðx; tÞ, could be discretized as wðx; tÞ ¼
PNP

J¼1 fJðxÞwJðtÞ,
where NP is the total number of particles, fJ ðxÞ is the RKPM shape function associated with the Jth particle
and wJðtÞ is the nodal parameter value associated with the Jth particle. Using Hamilton’s principle, one
obtains

Mb €wþ Cb _wþ Kbw ¼ fb, (4)

in which

½Mb�IJ ¼

Z L

0

rðAfIfJ þ If0If
0
J ÞdxþMfI ðxMÞfJðxMÞHðL� xM Þ,

½Cb�IJ ¼ 2MvfI ðxMÞf
0
JðxMÞHðL� xM Þ,

½Kb�IJ ¼

Z L

0

EIf00If
00
J dxþ

Z
Gb

ðKzfIfJ þ Kyf
0
If
0
JÞdGþMv2fI ðxMÞf

00
JðxM ÞHðL� xMÞ,

½fb�I ¼MgfI ðxMÞHðL� xM Þ,

½w�J ¼ wJðtÞ, (5)

where (0) and (00) denote the first and the second derivatives of the function with respect to x, respectively. It
should be noted that the only symmetric matrix is Mb, and the asymmetry of other matrices is related to the
nonsymmetric effects of the moving mass.
Table 1

The values of Kz and Ky for various boundary conditions

BCa S C F

Kz 1 1 0

Ky 0 1 0

aBC, S, C and F stand for the boundary condition, simple support, clamped support and free one, respectively.
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3.2. TB formulation

Assume uz ¼ wðx; tÞ represents the transverse displacement of the beam from the equilibrium state, and the
shear displacement of the cross section is taken into account by introducing a new independent variable
y ¼ yðx; tÞ defined as the deflection angle of the cross section of the beam with respect to the vertical direction.
Therefore, the longitudinal displacement at any point of the beam with coordinates ðx; zÞ is expressed as
ux ¼ �zy. Considering small displacement approximation, one obtains the strain components as �xx ¼

�zqy=qx and gxz ¼ qw=qx� y and so, the only nonzero stress field components are sxx ¼ E�xx and
sxz ¼ Ggxz. The shear force (QT ) and the bending moment (MT ) in the beam are given by

QT ¼

Z
A

sxz dA ¼ k
0

GAgxz ¼ k
0

GA
qw

qx
� y

� �
,

MT ¼

Z
A

sxxzdA ¼ �EI
qy
qx

, (6)

in which k0 is the shear correction factor which is a constant that depends on the cross-section geometry of the
beam. Therefore,

pk ¼
1

2

Z
O
r

qux

qt

� �2

þ
quz

qt

� �2
" #

dO ¼
1

2

Z L

0

r I
qy
qt

� �2

þ A
qw

qt

� �2
" #

dx,

ps ¼
1

2

Z
O[Gb

ðsxx�xx þ sxzgxzÞdO

¼
1

2

Z L

0

EI
qy
qx

� �2

þ k
0

GA
qw

qx
� y

� �2
" #

dxþ
1

2

Z
Gb

Kzw2 þ Kyy
2

� �
dG,

pf ¼

Z L

0

M g�
q2w
qt2
þ 2v

q2w
qxqt
þ v2

q2w

qx2

� �� �
wdðx� xM ÞHðL� xMÞdx. (7)

Denoting wðx; tÞ ¼
PNP

J¼1 fJðxÞwJ ðtÞ and yðx; tÞ ¼
PNP

J¼1 fJðxÞyJðtÞ, and using Hamilton’s principle, one can
obtain the following discrete set of equations for the TB under the moving mass after some manipulations:

Mb €xþ Cb _xþ Kbx ¼ fb, (8)

where

Mb ¼
Mww

b Mwy
b

Myw
b Myy

b

2
4

3
5; Cb ¼

Cww
b Cwy

b

Cyw
b Cyy

b

2
4

3
5; Kb ¼

Kww
b Kwy

b

Kyw
b Kyy

b

2
4

3
5,

fb ¼

fw
b

fyb

( )
; ½x�J ¼

wJðtÞ

yJðtÞ

( )
, (9)

in which the appropriate nonzero submatrices are defined as

½Mww
b �IJ ¼

Z L

0

rAfIfJ dxþMfI ðxM ÞfJðxMÞHðL� xM Þ,

½Myy
b �IJ ¼

Z L

0

rIfIfJ dx,

½Cww
b �IJ ¼ 2MvfI ðxM Þf

0
JðxMÞHðL� xM Þ,

½Kww
b �IJ ¼

Z L

0

k0GAf0If
0
J dxþMv2fI ðxM Þf

00
JðxMÞHðL� xM Þ þ

Z
Gb

KzfIfJ dG,
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½Kwy
b �IJ ¼ �

Z L

0

k0GAf0IfJ dx,

½Kyw
b �IJ ¼ �

Z L

0

k0GAfIf
0
J dx,

½Kyy
b �IJ ¼

Z L

0

ðk0GAfIfJ þ EIf0If
0
J Þdxþ

Z
Gb

KyfIfJ dG,

½fw
b �I ¼MgfI ðxMÞHðL� xM Þ. (10)

3.3. HOB formulation

In an HOB, the longitudinal displacement is expressed with higher-order functions (third or fifth order) in
terms of a variable in the z direction to model shear deformation, but the transverse displacement could be
higher order (quadratic or cubic) or constant across the beam thickness [19]. Consider an HOB with a constant
transverse deformation across its thickness as uz ¼ wðx; tÞ, and the longitudinal displacement of the form,
ux ¼ zC� az3ðCþ qw=qxÞ [20,21], in which a ¼ 4=3h2 (h is the thickness of the beam) and C is the deflection
angle of the cross section of the beam to the reference plane about the y-axis. Therefore, the longitudinal
normal and transverse shear components of the strain and stress fields are:

sxx ¼ E�xx; �xx ¼ z
qC
qx
� az3

qC
qx
þ

q2w

qx2

� �
,

sxz ¼ Ggxz; gxz ¼ ð1� 3az2Þ Cþ
qw

qx

� �
. (11)

The transverse shear stress defined in Eq. (11) satisfies the traction-free condition on the top and the bottom
surfaces of the beam. The shear force and the bending moment in the beam are given by

QH ¼ k Cþ
qw

qx

� �
,

MH ¼ J2
qC
qx
� aJ4

qC
qx
þ

q2w

qx2

� �
, (12)

in which

k ¼
Z

A

Gð1� 3az2ÞdA, (13)

Jn ¼

Z
A

Ezn dA; n ¼ 2; 4; 6. (14)

The parameters pk, ps and pf for the HOB under the moving mass take the following form:

pk ¼
1

2

Z L

0

½I0 _w0
2
þ I2 _C

2
� 2aI4 _Cð _Cþ _w0Þ þ a2I6ð _Cþ _w0Þ2�dx,

ps ¼
1

2

Z L

0

½J2C0
2
� 2aJ4C0ðC0 þ w00Þ þ kðCþ w0Þ2 þ a2J6ðC0 þ w00Þ2�dxþ

1

2

Z
Gb

ðKzw2 þ KyC2ÞdG,

pf ¼

Z L

0

M½g� ð €wþ 2v _w0 þ v2w00Þ�wðx; tÞdðx� xMÞHðL� xM Þdx, (15)

where In ¼
R

A
rzn dA. Denoting wðx; tÞ ¼

PNP
J¼1 fJðxÞwJðtÞ and Cðx; tÞ ¼

PNP
J¼1fJðxÞCJ ðtÞ, and utilizing the

Hamilton’s principle, leads to the equations of motion as

Mb €xþ Cb _xþ Kbx ¼ fb, (16)
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in which

Mb ¼
Mww

b MwC
b

MCw
b MCC

b

2
4

3
5; Cb ¼

Cww
b CwC

b

CCw
b CCC

b

2
4

3
5; Kb ¼

Kww
b KwC

b

KCw
b KCC

b

2
4

3
5,

fb ¼

fw
b

fCb

( )
; ½x�J ¼

wJðtÞ

CJðtÞ

( )
, (17)

where the appropriate nonzero submatrices are defined as

½Mww
b �IJ ¼

Z L

0

ðI0fIfJ þ a2I6f
00
If
00
JÞdxþMfI ðxMÞfJðxM ÞHðL� xMÞ,

½MwC
b �IJ ¼

Z L

0

ð�aI4f
0
IfJ þ a2I6f

0
IfJÞdx,

½MCw
b �IJ ¼

Z L

0

ð�aI4fIf
0
J þ a2I6fIf

0
JÞdx,

½MCC
b �IJ ¼

Z L

0

ðI2 � 2aI4 þ a2I6ÞfIfJ dx,

½Cww
b �IJ ¼ 2MvfI ðxM Þf

0
JðxMÞHðL� xM Þ,

½Kww
b �IJ ¼

Z L

0

ðkf0If
0
J þ a2J6f

00
If
00
JÞdxþ

Z
Gb

KzfIfJ dGþMv2fI ðxMÞf
00
J ðxM ÞHðL� xMÞ,

½KwC
b �IJ ¼

Z L

0

ð�aJ4f
00
If
0
J þ kf0IfJ þ a2J6f

00
If
0
J Þdx,

½KCw
b �IJ ¼

Z L

0

ð�aJ4f
0
If
00
J þ kfIf

0
J þ a2J6f

0
If
00
JÞdx,

½KCC
b �IJ ¼

Z L

0

½ðJ2 � 2aJ4 þ a2J6Þf
0
If
0
J þ kfIfJ �dxþ

Z
Gb

KyfIfJ dG,

½fw
b �I ¼MgfI ðxM ÞHðL� xMÞ. (18)

4. Time discretization of the problem

In spite of a beam subjected to a moving load, in moving mass problems, the mass matrix, the damping
matrix and the stiffness matrix are time dependent as long as the load has not left the beam end. Therefore, use
of the Newmark-b method needs some modifications for time discretization which will be explained in some
detail. Differentiating both sides of Eq. (16) with respect to the time parameter, t, yields

DðMbÞi €xi þ ðMbÞi D €xi þ DðCbÞi _xi þ ðCbÞi D _xi þ DðKbÞixi þ ðKbÞi Dxi ¼ Df i, (19)

where Dð Þi ¼ ð Þiþ1 � ð Þi and ð Þi denotes the value of the parameter ð Þ at the time ti. Using the Newmark-b
method [22]

D _xi ¼ Dt €xi þ gDtD €xi,

Dxi ¼ Dt _xi þ
Dt2

2
€xi þ bDt2 D €xi, (20)

in which Dt ¼ tiþ1 � ti and the values of the parameters b and g are set to be equal to 0.25 and 0.50 in the
calculations, respectively. Extracting D _xi and D €xi in terms of Dxi, _xi and €xi from Eq. (20) and substituting into
Eq. (19) gives

K̂i Dxi ¼ Df̂ i, (21)
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where

K̂i ¼
1

bDt2
ðMbÞi þ

g
bDt
ðCbÞi þ ðKbÞi,

Df̂ i ¼ Df i � ½DðMbÞi €xi þ DðCbÞi _xi þ DðKbÞixi�

þ
1

bDt
ðMbÞi _xi þ

g
b
ðCbÞi _xi þ

1

2b
ðMbÞi €xi � Dt 1�

g
2b

� �
ðCbÞi €xi. (22)

The linear set of equations in Eq. (21) could be solved at each time step, and the initial boundary conditions
are set for the system to be at rest; i.e., x0 ¼ 0 and _x0 ¼ 0. The values of xiþ1, _xiþ1 and €xiþ1 could be calculated
as follows [22]:

xiþ1 ¼ xi þ Dxi,

_xiþ1 ¼ _xi þ
g

bDt
Dxi �

g
b
_xi þ Dt 1�

g
2b

� �
€xi,

€xiþ1 ¼ €xi þ
1

bDt2
Dxi �

1

bDt
_xi �

1

2b
€xi. (23)

5. Parametric studies

A uniform isotropic-homogeneous-prismatic beam is considered. The beam is a single-span one, and its
cross section is assumed to be rectangular. In order to study the different parameters affecting the maximum
deflection and bending moment of the beam, two normalized parameters Wmax;N ¼ jWmax;dynj=Wmax;st and
Mmax;N ¼ jMmax;dynj=Mmax;st are considered in which Wmax;dyn and Mmax;dyn denote the maximum dynamic
deflection and bending moment along the beam caused by the moving mass, respectively. Wmax;st and Mmax;st

are the appropriate maximum static deflection and bending moment along the EB under statically applied
force Mg. A proper static analysis would result in MgL3=48EI , MgL3=192EI , 0:0098124MgL3=EI and
MgL3=3EI for Wmax;st according to SS, CC, SC and CF boundary conditions, respectively. Similarly, the
appropriate values of Mmax;st based on SS, CC, SC and CF boundary conditions are determined as MgL=4,
MgL=8, 0:174MgL and MgL, respectively. Moreover, the nondimensional slenderness, velocity and mass
parameters are assumed to be l ¼ L=r, VN ¼ v=v0 [10] and MN ¼M=rAL, respectively, where v0 ¼

p=L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI=rA

p
and r is the gyration radius of the beam cross section according to its neutral axis. The

geometrical and material properties of the beam are assumed to be: L ¼ 10 ðmÞ, E ¼ 2:1� 1011ðNm�2Þ,
G ¼ 8:0769� 1010ðNm�2Þ, b ¼ 0:1ðmÞ, h ¼

ffiffiffiffiffi
12
p

r, k0 ¼ 0:833 and r ¼ 7800ðkgm�3Þ. Moreover, Kz ¼

104ELðNm�1Þ and Ky ¼ 103EL3ðNmÞ are considered in the numerical analysis for the case of the undeflected
and the unrotated end, respectively. In all of the analysis steps using RKPM, 11 uniformly distributed particles
and 5 Gaussian points for each computational cell are considered. Generation of the particle shape functions
are fulfilled for a dilation parameter value of 2.5, a linear base function and a third-order spline window
function [16]. The shape functions of the RKPM particles, and their first and second derivatives have been
presented in Figs. 2(a–c), correspondingly. Besides, the values of the time step are equal to L=ð400vÞ and
L=ð200v0Þ during the time intervals 0ptpL=v (first phase) and t4L=v (second phase, i.e., free vibration),
respectively.

Through Figs. 3–6, the effects of beam slenderness on the design parameters (maximum dynamic deflection
and bending moment of the beam) for different velocities of the moving mass as well as the beam boundary
condition are depicted. In all of these figures, the dotted lines represent EB, dashed lines represent TB and
solid lines represent HOB. In Figs. 3(a and b), the results are shown for an SS beam. For small values of l
(lo35), the results of EB compared to those of shear deformable beams are clearly distinct in which, for the
TB and HOB, there exist larger deflections and almost bending moments compared to the results of EB. This
distinction becomes more apparent for higher moving mass velocities. Therefore, this assumed slenderness
could be nominated as the critical slenderness (lcr). This would imply that for an SS beam, if its slenderness is
higher than lcr, for any moving mass velocity, the assumptions of EBT lead to a trustable dynamic design of
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Fig. 3. Effect of beam slenderness on the maximum dynamic response of an SS beam for various values of the moving mass velocity: (a)

normalized maximum vertical displacement vs. slenderness; (b) normalized maximum bending moment vs. slenderness (ð&ÞV N ¼ 0:1,
ð}ÞVN ¼ 0:5, ðDÞV N ¼ 1:0; ð� � �Þ EBT, ð��Þ TBT, (—) HOBT; MN ¼ 0:15).
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beam under the moving mass. Otherwise, the proper use of TBT or HOBT is highly recommended especially
for high moving mass velocities. In Fig. 4, the same study is done for a CC beam. According to Fig. 4(a), and
for l480, the maximum deflections of different beam theories show approximately a 5% difference for all
moving mass velocities. Moreover, for l480, the maximum bending moments of EB are greater than those of
TB and HOB (see Fig. 4(b)). Thus in this case, lcr � 80. Similar parametric studies for SC and CF boundary
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normalized maximum vertical displacement vs. slenderness; (b) normalized maximum bending moment vs. slenderness (ð&ÞV N ¼ 0:1,
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conditions are shown in Figs. 5 and 6, respectively. As expected, for the SC beam, the results are somehow
between those of the SS and CC, leading to a critical slenderness around 55. A reasonable interpretation is that
the magnitude of shear energy of the beam compared to its flexural energy increases as one moves from CF to
SS, then SC and finally, CC boundary condition. Therefore the most remarkable differences in the results of
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various beam theories, especially for low values of l, arise in the CC boundary condition, and minimum
differences are observed for the CF boundary condition. This can be seen clearly in Figs. 6(a and b), in which
there exists a fairly small value as the critical slenderness of the beam.

Another important parametric study could be done on the role of the moving mass velocity for a specified
value of beam slenderness regarding different beam theories and boundary conditions. This task is done by
plotting deflection and bending moment spectra of the beam in terms of the moving mass velocity as shown in
Figs. 7–10. In Fig. 7, the design spectra of an SS beam are shown for different values of l and assumed beam
theory. As Fig. 7(a) shows, for the case of l ¼ 10, as expected, the maximum deflection of EB shows a
remarkable difference compared with those of TB and HOB for various values of V N . However, for VNo0:6,
this is not the case for the maximum bending moment of the beam at such a slenderness. As the slenderness of
the beam increases, there is no appreciable difference between the results of various beam theories even for
high moving mass velocities. The same study for the CC boundary condition is depicted in Fig. 8. Expectedly,
for low values of l and high moving mass velocities, there exists a completely different shape of deflection
spectrum for EB compared with those of TB and HOB. This difference is also appreciable in the bending
moment spectrum. The increase in lmagnitudes would lessen the differences of design parameter values for all
beam theories, especially for low moving mass velocities (say, V No0:4). Similarly, the results for SC and CF
boundary conditions are shown in Figs. 9 and 10, respectively. As can be seen in Fig. 9, the results of the SC
boundary condition are between those of SS and CC boundary conditions to some extent. As Fig. 10 shows,
the maximum values of deflection and bending moment for a cantilever beam occur at a fairly lower level of
moving mass velocity ð� V N ¼ 0:2Þ compared to those of other boundary conditions. Moreover, the effect of
beam slenderness on the design parameters, except in very deep beams, is not important at all even for high
moving mass velocities. It should be noted that the source of oscillations in Fig. 10 is the separation between
the mass and beam, especially for high moving mass velocities, as stated by Lee [11].

For completion of parametric studies, the role of moving mass weight in the design parameters of various
beams is investigated. In Figs. 11–14, the maximum deflection and bending moment for different beam
boundary conditions due to the change of the mass weight of the moving load is shown. In Figs. 11(c)–14(c),
the beam is assumed to be fairly slender as the magnitude of l is taken to be 120. As discussed earlier, for such
a slenderness, the results of different beam theories are close and the use of EBT is substantially acceptable.
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Fig. 7. Effect of the moving mass velocity on the maximum deflection and bending moment of an SS beam for various values of the

slenderness parameter: (a) l ¼ 10; (b) l ¼ 30; (c) l ¼ 60 (ð� � �Þ EBT, ð��Þ TBT, (—) HOBT; MN ¼ 0:15).
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Fig. 12. Effect of mass weight of the moving mass on the maximum deflection and bending moment of a CC beam for various values of

the beam slenderness parameter: (a) l ¼ 10, analyzed for HOB; (b) l ¼ 30, analyzed for TB; (c) l ¼ 120, analyzed for EB (ð&ÞVN ¼ 0:1,
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Fig. 13. Effect of mass weight of the moving mass on the maximum deflection and bending moment of an SC beam for various values of

the beam slenderness parameter: (a) l ¼ 10, analyzed for HOB; (b) l ¼ 30, analyzed for TB; (c) l ¼ 120, analyzed for EB (ð&ÞV N ¼ 0:1,
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Excluding the cantilever beam (see Fig. 14), there exists a roughly linear relation between the mass weight of
the moving load and design parameters of the beam for different velocities of the moving mass. Except for the
case of low moving mass velocities ðV No0:25Þ, in which the slope of the mentioned lines is almost zero, for
higher moving mass velocities, any increase in the mass weight of the moving load would lead to linearly
proportional higher design parameter values. These results are in complete agreement with those obtained by
Nikkhoo et al. [10] for an SS beam. By considering a moderately deeper beam as the slenderness parameter is
assumed to be 30, the same parametric study is done but at this slenderness the TBT is used for a proper
approach. The results are shown in Figs. 11(b)–14(b) which are completely in line with the aspects of
Figs. 11(c)–14(c). Finally, for the case of a very deep beam ðl ¼ 10Þ, the HOBT is employed to perform a
similar parametric study (Figs. 11(a)–14(a)). As Figs. 11(a)–14(a) show, even in very deep beams, the same
linear relationis seen clearly for all moving mass velocities. Disparate results in the case of cantilever beam, as
shown in Fig. 14, are because of the fact that the maximum responses of the beam occur mostly in the second
phase of excitation in which the mass leaves the beam end.
6. Conclusions

Discrete governing equations of motion for Euler–Bernoulli, Timoshenko and higher-order shear beams
subjected to a moving mass were developed based on Hamilton’s principle. Spatial discretization is done by
employing RKPM and the extended Newmark-b method for appropriate time domain discretization. The
effects of important parameters such as slenderness and boundary conditions of the beams besides the changes
in the magnitude of moving mass weight and velocity have been investigated for various beam theories. In this
regard, the design parameter spectra in terms of the beam slenderness, mass weight and velocity of the moving
mass were introduced for the mentioned beam theories as well as various boundary conditions. The results
indicate that based on the beam boundary condition, there would be a critical beam slenderness in which for
slenderness lower than this so-called critical one, EBT or even TBT does not precisely predict the design
parameters of the beam under a moving mass. Except for the cantilever beam, the results are indicature of an
almost linear relation between the mass weight of the moving mass and the design parameters of the beam for
a certain velocity of the moving mass. This is seen for all beam slenderness where the appropriate beam theory
is selected. The authors believe that evaluation of crucial design parameters in single-span or multi-span beam
structures excited by a distributed moving mass or any other moving systems would be considered as
important directions for future works. These studies may give useful guidelines for an optimal structural
design for practical applications.
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